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Abstract 

In this paper, we first classify all irreducible modules of the vertex 
algebra when L is a negative definite even lattice of arbitrary rank. 
In particular, we show that any irreducible V£^-module is isomorphic to 
' a submodule of an irreducible twisted VL-module. We then extend this 

O^' result to a vertex algebra when L is a nondegenerate even lattice of 

(— I i finite rank. 
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^ , 1 Introduction 

It is well known that for a nondegenerate even lattice L, there is a correspond- 
Q . ing vertex algebra, Vl, with an automorphism 6 of order 2 which is induced 

! from the -1 isometry of the lattice (cf. [HI IFLM] ). Moreover, the ^-invariant 

O I vertex sub-algebra is irreducible (cf. |DM] ). These vertex algebras 
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provide a large class of concrete and important examples of vertex algebras. 
In fact, the study of was initiated in [FLMj during the course of the con- 
struction of the moonshine module. 

To a large extent, the study of vertex algebras is the study of their rep- 
5^ I resentations. As for classical algebras, the study of complete reducibility of 

modules is of fundamental importance. The classification of irreducible V^- 
modules and the complete reducibility of V^-modules for the case when L is 
a positive definite even lattice of an arbitrary rank and when L is a rank one 
negative definite even lattice has been done by Abe, Dong, Jiang, Jordan and 
Nagatomo (cf. jXt lAPl [DJllDNll lJ]). 

In this paper, we take a further step in understanding by studying clas- 
sifications of irreducible V^^-modules when L is a negative definite even lattice 
of a finite rank and when L is a nondegenerate even lattice of a finite rank. 
For these two cases, we prove that any irreducible V^-module is isomorphic 
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to a submodule of an irreducible twisted Vi-module. The main idea of the 
proofs is to classify irreducible modules of the Zhu algebras A(y^). There is a 
one-to-one correspondence between the set of inequivalent irreducible A(y^)- 
modules and the set of inequivalent irreducible (admissible) V^-modules (cf. 

0)- 

This paper is organized as follows. In Section 2, we review the definition of 
a vertex algebra, and recall various notions of its twisted modules. In addition, 
we discuss a Zhu algebra and its properties. Also, we recall the constructions 
of M{1)~^, , their modules and related topics that we will need in later 
sections. In Section 3, we study the Zhu algebra of when L is a negative 
definite even lattice of a finite rank and we use this information to classify all 
irreducible (admissible) V£'"-modules. In Section 4, we classify all irreducible 
(admissible) V£''-modules when L is a nondegenerate even lattice of a finite 
rank. 

Acknowledgments: We want to thank Chongying Dong for reading this 
manuscript. In this research, we greatly benefited from studying the work of 
Abe and Dong in [ADj . We have adopted many of their important ideas into 
this paper. 

2 Preliminaries 

2.1 Vertex algebras and Zhu algebras 

First, we define vertex algebras, and their automorphisms. Next, we recall 
various notions of twisted modules for a vertex algebra. We also discuss about 
Zhu algebras. 

Definition 2.1. JLLi^ A vertex algebra V is a vector space equipped with a 
linear map Y{-,z) : V (EndV)[[z, z~^]],v ^— Y{v,z) = J2n&'^nZ~"'~^ and 
a distinguished vector 1 ^ V which satisfies the following properties: 

1. UnV = for n >> 0. 

2. Y{l,z) = idv 

3. Y{v,z)l eV[[z]] andlim,^oY{v,z)l = V. 
4- (the Jacobi identity) 

Zo'S (^^) Yiu,z^)Y{v,Z2) - z,H (^^) Y{v,z^)Y{u,z,) 
We denote the vertex algebra just defined by (V", F, 1) or, briefly, by V . 
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Definition 2.2. A Z-graded vertex algebra is a vertex algebra 

V = ©„gzK; for V eVn, n = wt v, 

equipped with a conformal vector uj which satisfies the following relations: 

• [L(m),L(n)] = (m — n)L{m + n) + ^(m^ — m)5m+n,oCy for m,n E Z, 
where Cy G C (the central charge) and 
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• L{0)v = nv = (wt v)v for n G Z, and v G Vn; 

. Y{L{-1)v,z) = £Y{v,z). 

Definition 2.3. JLLif A vertex sub-algebra of a vertex algebra V is a vector 
sub-space UofV such that 1 E U and such that U is itself a vertex algebra. 

Definition 2.4. JLLi^ An automorphism of a vertex algebra V is a linear 
isomorphism of V such that g{l) = 1, and gY{v,z)u = Y{g{v), z)g{u) for 
u,v E V. 

Let G be a finite automorphism group of V. We denote the G-fixed-point 
vertex sub-algebra of V by V^{= {v E V\gv = v for all g E G}). 

For g, an automorphism of the vertex algebra V of order T, we denote 
the decomposition of V into eigenspaces with respect to the action of g as 
V = ©^^oV^ where = {v E V\g{v) = e^'^^l^v}. 

Definition 2.5. /2l \FFrR\ WTM. He) / A weak 51- twisted ^/-module M is a 

vector space equipped with a linear map Ym{:-,z) : V — > (EndM){z},t> ^ 
Yuiy^iZ^ = J2neQ'^riZ~^~^ which satisfies the following properties: for v E V, 
u E V , and w E M 

1. VnW = for n » 0. 

2. Ym{u,z) = En&Un+^Z-''-^-\ 

3. YMil,z) = idu- 

4- (the twisted Jacobi identity) 

z^^6 ( — — ] Ym{u, zi)Ym{v, Z2) - Zq'^6 ( — — — ] Ym{v, Z2)Ym{u, zi] 

\ zo J \ -zo J 

= Z2' "^'^ 6 YMiYiu, z,)v, Z2). 
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If g is the identity map, a weak g-twisted V -module is called a weak V -module. 



Remark 2.6. Let G be a finite automorphism group ofV and let g be a member 
of G. Then any g-twisted weak V -module is a weak V'^ -module. 

Definition 2.7. An irreducible weak g-twisted V -module is a weak g-twisted 
V -module that has no weak g-twisted V -submodule except and itself. Here, a 
weak g-twisted sub-module is defined in the obvious way. 

Definition 2.8. IDLM0^ An (ordinary^ g-twisted V -module is a weak g-twisted 
V -module M which carries a C-grading induced by the spectrum of L{0). Then 
M = ®x&cMx where Mx = {w e M\L{0)w = Xw}, and dim Ma < oo. More- 
over, for fixed X, Msl^x = for all small enough integers n. 

Definition 2.9. \DLM^ An admissible g-twisted V -module M is a |;Z>o- 
graded weak g-twisted V -module M = Q)n<zj_z^^M{n) such that 



for any homogeneous v & V and m, n G Q. Here, Z>o is the set of nonnegative 
integers. 

An admissible g-twisted V -submodule of M is a weak g-twisted V -submodule 
N of M such that N = ®rie^z>o^ ^ ^(^) ■ 

If g is the identity map, then an admissible (^-twisted \^-module is called 
an admissible \^-module. 

Lemma 2.10. IDLM0^ Any ordinary g-twisted V -module is an admissible g- 
twisted V -module. 

Definition 2.11. An irreducible admissible g-twisted V-module is an admis- 
sible g-twisted V-module that has no admissible g-twisted submodule except 
and itself. 

Next, we will define a Zhu algebra and we will discuss about the relationship 
between the Zhu algebra and a vertex algebra. 

Let ^ be a Z-graded vertex algebra. For a homogeneous vector u & V , 
v e l^, we define products u*v, and m o w as follow: 



Then we extend these products linearly on V . We let OiV) be the linear span 
oi u o V for all u^v & V and we set A{y) = V/0(y). Also, for v E V, we 
denote v -\- 0{V) by [v]. 



VmM{n) C M{n + wtv - m - I) 
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Theorem 2.12. 



1. The product * induces the structure of an associative algebra on AiV) 
with the identity 1 + OiV). Moreover, uo + OiV) is a central element of 
AiV). 

2. The map M — > M(0) gives a bijection between the set of equivalence 
classes of irreducible admissible V -modules to the set of equivalence classes 
of simple A{V)-modules. 

3. Assume that u ^ V is homogeneous, v & V and n > 0. Then 



4- Let V G V be homogeneous and u G V. Then 

/(I 4- r)wtD-l 

u*v-ResJ ^ ' r(f , z)u ] G 0{V). 



5. For homogeneous vectors u,v G V, we have 

u*v -v*u -Res, {1 + zy'-^Y{u,z)v G 0{V). 



6. For any n > I, L{-n) = (-l)"{(n - l)((L(-2) + + L(0)} 

mod 0{V) where L{n) are the Virasoro operators given by Y{uj,z) = 
EnezLin)z—\ 



2.2 Vertex algebras y+ and M(l)+ 

First, we will recall the construction of a vertex algebra M(l) and its modules. 
Next, we will discuss about a vertex algebra Vl where L is an even lattice 
equipped with a nondegenerate symmetric Z-bilinear form. In addition, we 
will review constructions of certain twisted modules of a vertex algebra M(l) 
and a vertex algebra Vl. Finally, we will discuss about a vertex algebra M(l)"'", 
a vertex algebra and their irreducible modules. 

Let L be a rank d even lattice equipped with a nondegenerate symmetric 
Z-bilinear form (■,■). We set f) = C ®z L and extend (■, ■) to a C-bilinear form 
on 1). Let f) = [) ® C[t,t~^] © Cc be the affinization of f) with the following 
commutator formula: 

[P iS)t"^,aig)t''] = m{P,a)5m-nC and [c,h] = Q 

for any a, /3 G f), m, n G Z. Then = P) © C[t] © Cc is a subalgebra of 1). Let 
A G f), and consider the induced l)-module 
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where [) ® tC[t] acts trivially on C, h acts as (/i, A) for /i G f), and c acts on 
C as a multiplication by 1. We set M(l) = M(1,0). For a G f) and n G Z, 
we write q;(?2) for the operator a and set a{z) = Xlnez '-^(^)-^ " ""^^ -^^'^ 
«!, ttfc G 1), ni, nfc > and v = ai{—ni)...ak{—nk) ® 1 G M(l), we define 

where 5^"^ = ^ (^)" and the normal ordering : ■ : is an operation which 
reorders the operators so that (/3 G f), < 0) to be placed to the left of 
•yi^ri) (7 G f), n > 0) before the expression is evaluated. We extend Y to all 
V G M(l) by linearity. Let /^^j be an orthonormal basis of f). Set 1 = 1 

andcu = iEtiA(-l)'® 1- 

Proposition 2.13. {M{1), Y, 1, u) is a Z-graded vertex algebra and {M(l, A)|A G 
f)} zs i/ie sei 0/ a// inequivalent irreducible M{l)-modules. 

Let 1/ be the canonical central extension of L by the cyclic group (k) of 
order 2. Let e : L — > L be a section such that cq = 1 and e : L x L ^ (k) 
be the corresponding 2-cocycle. We can assume that e is bimultiplicative. 
Then e{a, p) /e{p, a) = k<''''^\ e(a, /3)e(a + /?, 7) = e(/5, 7)e(a, /5 + 7), and 
CaC/j = e(a,/3)eQ+/3 for 7 G L. We define 



C[L] 



The action of L on C[L] is given by e^e^ = e(a, /3)e"^'^, and kc^ = —e^. Also, 
we define an action of f) on C[L] by /i-e" = {h, a)e" and define z'^-e" = ^^'''"^e". 
Next, we identify with e° for a G L and we set 

Vl = M(l) ®C[L]. 

The vertex operators Y{h{— 1)1, z) and Y{e°',z) associated to 1)1 and e", 
respectively, are defined as follow: 



Y{h{-l)l,z)=h{z) = Y,K 



n)z " ^ 



n 

00 



i'(e",.)=exp 5:^^^- exp 



n \ ^ — ' n 

\n=l / \ n=l 



The vertex operator associated with a vector v = Pi{—ni)...Pr{—nr)e°' for 
A G 1), nj > 1 and a G L is defined by 

Y{v,z) =: 9("^-i)/3i(z)...9("'-^)/3,(z)r(e",;z) :, 

where c?*-"^ = (^)" ^ind the normal ordering : ■ : is an operation which 
reorders the operators so that P{n) (/? G f), n < 0) and Cq to be placed to the 
left of 7(n) (7 G f),n > 0) and z°'. 
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Theorem 2.14. |3 \FLM^ Vl is a simple Z-graded vertex algebra with a Vira- 
soro element u = | Yl^^i ha{—l)^<^e^ . Here {ha\l < a < d} is an orthonormal 
basis ofi). Moreover, M(l) is a Z-graded vertex sub-algebra ofVi- 

We define a hnear automorphism 6 : Vl ^ Vl hj 

^(A(-ni)/?2(-n2)..../5fc(-nfc)e") = (-l)'/3i(-ni)..../?fc(-nfc)e^". 

Consequently, 9Y{v,z)u = Y{6v, z)6{u) for u,v E Vl- In particular, 9 is an 
automorphism of Vl and M(l). 

For any stable ^^-subspace U of Vl, we denote the ±1 eigenspace of U for 9 
by U^. 

Proposition 2.15. jlDM^ M(l)+ and V^ are simple vertex algebras. 

Next, we recall constructions of 6'-twisted modules of M(l) and Vl- We set 
f)[-l] = f)(8)t2C[t,ri]©Cc. Then t)[-l] is an affine Lie algebra with the follow- 
ing commutator formula: /92®t"] = m{Pi, P2)Sm-nC and [c, 1]] = 
for /9i e f), m, n G I + Z. Let 

Mii){9) = f/(^[-i]) ®u(m^/^cmcc) C 

be the unique irreducible l]-module such that f) ®t^/^C[t] acts trivially on 
C and c acts on C as a multiplication by L 

Proposition 2.16. IFLM^ Mil) (9) is an irreducible 9-twisted M{l)-module. 

We will use 9 to denote the automorphism of L defined by 9{ea) = e-a and 
9{k) = K,. We set K = {a~^9{a)\a G L}. For any L / K-module T such that k 
acts by the scalar —1, we define 

Vl = M{l){9)®T. 

It was shown in [FLM] that Vl is a 0-twisted Vi-module. We define an action 
of 9 on M(l){9) and V^ in the following way: 

^(/?i(-ni)/52(-n2)..../?,.(-n,)l) = (-l)'=/3i(-ni)..../5,(-n,)l, and 
9{(3i{-m)(32{-n2)...M-nk)t) = {-if (3i{-m)...M-nk)t). 

for I3i e Ui e \ + Z>o and t eT. We denote by M{1){9)^ and 'Vf'^ the 
±l-eigenspace for 9 of M(l)(6') and Vl , respectively. 

Proposition 2.17. jDlMlDN^ 

1. M{1){9)'^ are irreducible M{1)^ -modules. Furthermore, 

{M(l)±, M(l)(^)±, M(l, A)(= Af (1, -A))|A G - {0}} 
is the set of all inequivalent irreducible M{1)~^ -modules. 

2. Let X be a central character of L/K such that ^(^(/t)) = —1 and 
the irreducible L/ K-module with central character x- Then V^^^' are 
irreducible V^ -modules. 
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2.3 Zhu algebras A{M{1)+), A{V+J 

In this subsection, we recall the Zhu algebras of M{1)~^, and V^^ when Za is 
an even lattice such that {a, a) ^ 0. 

Following the subsection 2.2, we let L be a rank d even lattice with a 
nondegenerate symmetric Z-bilinear form (■,■). We set f) = C^zL and extend 
(■, ■) to a C-bilinear form on [). Let < a < rf} be an orthonormal basis 

of f), and set tUa = ujh^ = ^hai-lfl and J„ = /^^(-l)^! - 2/i,(-3)/i,(-l)l + 
2)^1. Note that vectors Ua, and Ja generate a vertex operator algebra 
M{1)~^ associated to the one- dimensional vector space Cha- 

Following |ADj . we set Sab{rn,n) = ha{—m)hb{—n)l, and define E^f^, i?*^, 
and Aab as follows: 

= 5^,f.(l,2) + 25S,fc(l,3) + 36S',,(l,4) + 16S',f.(l,5) (a ^ 6), 
Ei, = -16(35,fe(l,2) + 145,,(l,3) + 195,fe(l,4) + 85,,(l,5) (a ^ 6), 

Ela = Kb * Kai 

Kb = 455,fe(l,2) + 1905afe(l,3) + 2405af,(l,4) + 965afc(l,5). 

Next, we give a list of relations of some elements in A{M{1)^) that we will 
need to use in later sections. 

Proposition 2.18. \DN^ 

1. For any a, 6, c, d, we have 

(a) [kab] = [Aba], 

(b) [E:,] * = 6bc[E:,], [Ei,] * [Ei,] = 6bc[EU 

(c) [e:,] * [Ei,] = [El,] * [e:,] = 0, 

(d) [uja] * [El] = 5ab[EU, 

(e) ra*[a;J = 5„,ra, 

(f) K]*[i?L] = (^ + iM [Kcl 

(9) [Kc]*[^a] = {^, + \K) [Kcl 
(h) [to a] * [Afcc] = [Ate] * [to a] = 0. 

^. For any a, b, c, d such that a ^ b, we have 

(a) [A^b] * [E:,] = [A^b] * [E'J = [E:,] * [A.,] = [E^,] * [A,,] = 0, 

(b) [A..] * M = 4K] * [^.] - |([^a] + -m^] + [E^]) - i(KJ + 
[Eib])> 

(c) -l[H^] + l[H,] = 2[i?:J - 2[EJ:,] + \[El] - l[El], 



8 



(d) 

-Y^(2H + 13) * [H,] + ^(2k] + 13) * m 
(e) [uj,] * [H,] = -^([o;,] - 1) * [Ha] + ^(k] - 1) * [H,]- 

Here, Ha = Ja + ^a - 4t^a * ^a- 

Let A", and A* be the linear subspaces of A{M{1)^) spanned by E'^^^ and 
E"*^, respectively. Here, 1 < a, 6 < rf. 

Proposition 2.19. JDN^ 

1. The spaces and are two sided ideals of A{M{1)^) . Moreover, ideals 

A", A\ the units /" = Eti[^*"] ^* = Ef=i[^^] o/^"; ^* 
independent of the choice of an orthonormal basis. 

2. There are algebra isomorphisms between A^ and EndM(l)~(0), and be- 
tween A* and EndM(l)(^)~, respectively. In particular, under the basis 

{/ii(-l)l,...,/irf(-l)l} 

of M{1)~{0), each [E^f^] corresponds to the matrix element Eab whose 
{a, b) -entry is 1 and zero elsewhere. Similarly, under the basis 

{hr{-\)l,...M-\)^} 

of M{1){6)~ {0) , each [E^abl corresponds to the matrix element Eat whose 
{a,b)-entry is 1 and zero elsewhere. 

3. The Zhu algebra A{M{1)^) is generated by [uJo\, [Jo\ for 1 < a < d, [Aab] 
forl<a^b<d and [E^J, [E^^] forl<a,b< d. 

4. The quotient algebra A{M{1)~^)/ {A^ + A^) is commutative. Furthermore, 
it is generated by the images of [ua], [Ja] for 1 < a < d and [Aab] for 
l<a^b<d. 

Next, we recall the Zhu algebra of when L is a rank one nondegenerate 
even lattice. 

Let Za be a rank one nondegenerate even lattice, and let {h} be an or- 
thonormal basis of f) = C ®z We set Ua = |/;.(— 1)^1, Ja = h(—l)^l — 
2/i(— 3)/i(— 1)1 + 2)^1 and Ha = Ja + ^a — * ^a- Also, we define 

= e° + e"" and F° = e" - e"". 
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Proposition 2.20. iDNl\ \DLMlf Suppose that Za is a rank one positive 
definite even lattice. We then have the following. 

1. The Zhu algebra A(y^^) is generated by [ua], [Ja] and [E°']. 

2. If {a, a) = 2k ^ 2, then A{y^^ is a semisimple, commutative algebra of 
dimension k + 7. Moreover, A(V^) satisfies the following identity: 



(2.1) 



3. If {a, a) = 2, A{V^^) is a semisimple algebra such that 



[H^] * [E"] + [E"] * [i/J = -12K] * (^K] - * [E-]. (2.2) 

Proposition 2.21. fj^ Let Za be a rank one negative definite even lattice 
such that {a, a) = —2k. Then v4(V^) is a semisimple commutative associative 
algebra, and A{V^^) is spanned by [1], [uja], [E"], [uJa]* [E°'] with the following 
identities: 

- ^) * - ^) = (2-3) 

[E^"] = (1 - 2k)2^^+^ + A;2^'^+6[u;J (2.4) 

(2.5) 

Moreover, there is a polynomial h{[LJa]) G Clua] such that [Ja] = h{[LJa]). 
Remark 2.22. // {a, a) = —2k < 0, then E"^^ is an invertible element in 

Corollary 2.23. Let TLa be a rank one lattice such that {a, a) = —2k. Then 

= (lis - S^-) modo(v/j. 

Proof. By Proposition 12.211 we may write [Ja] as a + b[uja]- Next, we let [Ja] 
and a + b[uja] act on top levels of V^'"^ and V^a~ (see Table 4). We obtain 
that 

3 1 , . ^ 

= a+—L (2.6) 

128 16 ' ^ ^ 

a+^b. (2.7) 



128 16 

By solving the above equations, we then have that cl = ^ and b = —j^. □ 

The following tables provide complete lists of irreducible M (1)"*" (respec- 
tively, V^)-modules, and their corresponding irreducible A(M(1)"'") (respectively, 
A(V^))-modules which are the top levels of irreducible M(l)+ (respectively, 
V^)-modules. In addition, actions of generators of A{M{1)~^) and A(V^) on 
these irreducible modules are given. 
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Table 1: Actions of [J„], [//„], [E^f], [E'J and [Aab] on top levels of 
irreducible M(l)+-modules 





M(l)+ 


M(l)- 


M(1,A) (Aef)-{0}) 


M(1)(0)+ 


M{1){9)- 




1 




e^l 


1 









Sac 




1 

16 


16 ^ 2"«c 


[Ja] 





-QSac 




3 
128 


128 8"ac 


[Ha] 










9 

128 


^ _ 9A 

128 8""c 







56c/ia(-l)l 

























(^&c^a(-|)l 


[Kb] 








{ha,X){hb, A) 









Table 2: Actions of [o/q,], [J^], [iJa] and [E"^] on top levels of irreducible T^- 
modules when (a, a) — 2k and A; > 1. 









(1 < r < fe - 1) 






•^Za 




1 






c! a — 

62+6 2 


CE O 

6 2—6 2 


h 







1 


r'^/Ak 


A;/4 


A:/4 


1/16 


[^J 





-6 


y2k) 4k 


4 4 


4 4 


3/128 


[^«] 





-9 











9/128 


[^1 











1 


-1 


2-2A;+l 





^Za 










^2 


a(-^)t2 


[uJa] 


9/16 


1/16 


9/16 


[Ja] 


-45/128 


3/128 


-45/128 


[Ha] 


-135/128 


9/128 


-135/128 


[E-] 


-2-^'=+i(4A;- 1) 


_2-2fe+l 


2-2fe+i(4^_l) 
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Table 3: Actions of [uja], [Jq], [Ha], and [E"] on top levels of irreducible V^- 
modules when (a, a) = 2. Note that is a square root of e{a, a). 





£a 






'^Za+f 
a ^ 




^1a 




1 


a{-l)l 


pa 


6 2+ CqC 2 


62' — c^e" 2- 


tl 







1 


1 


1/4 


1/4 


1/16 







-6 


3 








3/128 


[Ha] 





-9 











9/128 







-2F° 


2a(-l)l 






1/2 





La 


La 


La 






t2 




[i^a] 


9/16 


1/16 


9/16 


[Ja\ 


-45/128 


3/128 


-45/128 


[Ha] 


-135/128 


9/128 


-135/128 




-3/2 


-1/2 


3/2 



Table 4: Actions of [uOa], [Ja], [E"'] and [E^"] on top levels of irreducible V^^- 
modules when {a, a) — —2k and A; > 1. 





^Za 


^Za 


La 


La 




tl 




t2 


a{-^)t2 




1/16 


9/16 


1/16 


9/16 




3/128 


-15/128 


3/128 


-15/128 


[E-] 


22fc+l 


(4A; + 1)2^'^+! 


_2'2k+l 


-(4A'; + 1)2^'^+! 




28A;+1 


(16A; + l)2«'=+i 


22k+l 


(16A; + 1)2^*^+1 
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3 Classification of irreducible admissible V^- 
modules when L is a negative definite even 
lattice of a finite rank 

We will study the Zhu algebra of the vertex algebra when L is a negative 
definite even lattice of a finite rank. We will use this information to classify 
all irreducible admissible V^-modules. 

In this section, we assume that L is a rank d even lattice with a negative 
definite symmetric 'L-hilinear form (■,■). Following [ADj , we set 

V+[a] = M(l)+ ® E° © M{1)- (g) 

and 

AiV^){a) = (V+H +0(r+))/0(V+) 

for any a E L. Notice that A{V^) is the sum of A{V^){a) for all a G L. Let U 
be a Z-graded vertex sub-algebra of V^. The identity map induces an algebra 
homomorphism from A{U) to A{V^). Hence, for u E U, we use [u] to denote 
u + 0{U) and u + 0{V+). 

We will study spanning sets of A{V^){a) for any a E L. 

Lemma 3.1. Let a G L. Then A{V^){a) is spanned by the vectors [u]*[E°']*[v] 
for u,v e M(l)+. 



Proof. The proof is as same as the proof in Lemma 5.2 of [ADj . □ 

Lemma 3.2. For any indices a,b, we have [E^f^] = and [Aab] = 0. 

Proof. Let /5 G L such that {(3,(3) = —2k. Let {hi\l < i < d} be an orthonor- 

l+18fco-8/c-l _ fc2*'^'' 
1+16A: l+16fc 



mal basis of f) so that h e C/S. We set g{[uji]) = i±if 2-8'=-i - ^^^[uJi]. 



Note that Ui = ujj3. 

First, we will show that if a, 6 G {1, ...,d} such that a ^ 1, then [i?^^] = 0. 
Recall that [toi] * [E^^] = 5iaKfe] = 0, and [E^/^] = (1 - 2k)2^''+^ + k2^''+^[iUi] 
(see Proposition 12.181 l.(d). and Proposition 12.211 ). These imply that 

[E'^]*[E:,] = {l-2k)2''^'[E:,]. 

Since * [E"^^] = 1, we then have 

= 9i[u^i])*[E'']*[E:,] 

= ^^2-«^-^(l-2fc)2«'=+^ra. 
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Consequently, [E^J = 0. Next, we will show that [E^^J = for 6 G {l,...,d}. 
Since [a;i] * [E^^,] = [E^^] and 

it follows immediately that [-E"^] = 0. Hence, for any indices a, b, [i?^^] = 0. 

To show that [Aab] = for any indices a,b, we only need to use the fact 
that [ujc] * [Aafe] = for any c G {l,....,d} (see Proposition 12.181 l.(h)) and 
follow the first part of the proof of [i?"^] = step by step. 

□ 

Lemma 3.3. For a E L ~ {0}, we let {hi, hd} be an orthonormal basis of 
f) such that hi G Ca. Then 

1. [El] * [E"] = [E-] * [Ei,] ifa^landb^l. 

2. [E\,] * [E-] = * [E{,] tfb^l. 

3. [El] * [E^] = -(2(a,a) - l)[E'^] * [E^] ifb^ 1. 

I [Ei,] * [E"] = [E^] * [EL] for a G {1, d}. 

Proof. 1. is clear. 2., and 3. can be easily obtained by using Lemma 13.21 
combines with the proof of Lemma 7.5 of |ADj . 

Next, we will prove 4. Recall that E'*^ = * El^ where b ^ a. If a 7^ 1, 
then, by 1., we have that [E^] * = {E^, * El) * [E^] = [E^] * [E^]. 
Similarly, by 2., and 3., we then have that [E^] * [E"] = {[E^] * [E^]) * [E"] = 
[E'^]*{[El]*[El]) = [E-]*[Ei,]. □ 

Proposition 3.4. Let /* be the unit of the simple algebra A^. Then for any 
a^L, lU [E°] = [E"] */*. 

Proof. It follows immediately from Lemma 13.31 □ 
Proposition 3.5. For any a E L, we have 

A{y^){a) = spanc{M * [E°]|m G M(l)+} 
= spanc{[E"] * M|m G M(l)+}. 

Proof. Let a E L — {0} and let {hi, hd] be an orthonormal basis of f) such 
that hi G Ca. We will show that for v G M(l)+, 

[E"] * [v] G spanc{[u] * G M(1)+}. 
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Since {[v] + 0{Vj^)\v G M(l) + } is generated by [ua], [Ha], where 1 < 
a,b < d (see Proposition 12.191 and Lemma [3^ . it is enough to show that for 
a, 6 G {1, d}, 

[E"] * K], [E'^] * m, [E'^] * [E'J G spanc{[u] * [E'']\u G M(l)+}. 

By Lemma [3.31 we have that for a, 6 G {1, (i}, 

[^1 * [^I.] e spanclM * [E'^]\u G M(l)+}. 

Clearly, for a G {1, d}, * = [ua] * [E% Since [Ji] G C[oJi] and [i/i] = 
[Ji] + [cui] - 4:[ui] * [cji], it follows that [E"] * [i/i] = [Hi] * Furthermore, 
by Proposition 12.181 2.(c) and Lemma [3. 2 [ we have that for a G {2, ...,d}, 

[Ha] = [Hr]-l[El] + l[El,]. 

This implies that * [i^J g spanc{[y] * G M(1) + }. 

The proof of y4(V^)(a;) = spanc{[E°'] * [u]\u G M(l) + } is very similar to 
the above. □ 

Corollary 3.6. Let a E L — {0}. We set {hi, hd} be an orthonormal basis 
of i) such that hi G Ca. Then 

[Ha] = [Hi] - ^[EU + ^[Eli] forae {2, ...,4. 

Next, we will classify all irreducible A (V^) -modules. 

Definition 3.7. Let W be an A{y^)-module. An element u G A(V^) is called 
semisimple on W if u acts diagonally on W . 

Lemma 3.8. Let W be an irreducible A{V^)-module such that A^W = 0. 
Then every element in A{M{1)~^) is semisimple on W . 

Proof. Recall that for any a E L — {0}, ^(V^) is a semisimple commutative 
algebra and [ua], [Jo] act semisimply on W. By Lemma [3^ we can conclude 
further that A" and [Aab] acts as zero on M for all 1 < a, 6 < d. Since 
A{M{1)+) is generated by [ua], [Jo] for 1 < a < d, [Aab] for 1 < a ^ b < d 
and A^, A^, we then have that every element in yl(M(l)"'") is semisimple on 
W. □ 

Lemma 3.9. Let W be an irreducible A{V^)-module such that A*W = 0. Then 
any element in A{M{1)^) acts as a constant on W . Consequently, for a E L, 
the action of [E'"] and the action of every element in A{M{1)^) commute on 
W. 
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Proof. By Proposition 12.191 4. and Lemma I3.8[ we can conclude that is a 
direct sum of one-dimensional irreducible A(M(l)"'")-modules on which [Aab], 

and A* act as zero on W. Here 1 < a,b < d. This implies that an irreducible 
A(M(l)+)-submodule of W is isomorphic to either M(l)+(0), or M(l)(6')+(0). 

Since {[uJa] " Jq) * ([^q] ~ ^) = ^od O(V^) for every a G L — {0} (see 
Proposition 12.211) . it follows that [ua] acts on W either as 1/16 or 9/16. By 
Corollary 12.231 and the fact that [Ha] = [Ja] + [^^a] — 4:[^a] * [^a], we have that 
[Ja] acts either as or — ^ on and [Ha] acts either as or — ^ on W. 
Let {hi, ha} be an orthonormal basis so that hi G Ca. Then by Corollary 
13.61 and the fact that A^W = 0, we can conclude that, on W, 

[H^] = [Hi] = [Ha] 

for all a G {l,...,d}. By Proposition 12.181 2.(d). 2.(e), we have that, on W, 
[uJa] = jq for all a G {1, d}. Consequently, for a G {1, d} 

9 

[Ha] acts as . 

By Table 1, we have that an irreducible A{M{1)~^) submodule of W is isomor- 
phic to M(l)(^)+(0). Since [wj, [Ha] act on W as 1/16, and 9/128, respectively 
for all a G {1, ...,d}, this implies that every element in A{M{1)~^) acts as a 
constant on W and for any a G L, the action of [E"'] and the action of every 
element in A{M{1)~^) commute on W. □ 

Corollary 3.10. W is the direct sum o/M(l)(6') + (0). 

Let W be an irreducible 74(V^)-module such that A^W = 0. We will show 
that W is isomorphic to an irreducible L / K-modnle for some x- 
Let a & L such that (a, a) = —2k. Recall that 

= (1 - 2A;)2«'=+^ + k2^''+^[uja] 

and [ua] acts as on W. Hence acts as 2-'^<"'°>+i on W and on Vf^(O) 
for any x- 

For a G L — {0}, we set 

Ba = 2<"'">^iE". 

Also, we let Bq = 1. Since acts as 2-^<"'">+^ on and on vf^(O) for any 
X, we can conclude that B2a = 1 on W, and on Vj^'^(O) for any 

Lemma 3.11. For a,(3 e L, [Ba] * [Bf^] = e{a, (3)[Ba+i3] on W. 

Proof. We will follow the idea in |AD] . Let a,l3 e L. 
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case 1: (a, [3) < 0. 

Then E'^ * E V^[a + p]. By Proposition [S31 we have that 

[Ba] * [Ba] = [u] * [B^+p] 

where u G M(l)+. Since [u] acts on M(l)(6')+(0) as a constant, say p, 
we obtain 

* [B^] = plB^+f,] 

on ly. On the other hand, * [Bp] = e(a, on Vf^'+(0) for 
any x- Hence, [Ba] * [B^] = e(a, on W. 

case 2: > 0. 

Note that 

[fij * [Bp] = [v] * (3.1) 
for some G M(l)+ since E"" * E^ e V^[-a + /?]. 

case 2.1: < {a, a). 

Then (a + /3, — 2q; + 2/5) < 0, and we have 

[-Bq+z?] = [Ba+p] * [-B-2Q+2/3] 

= e(a + A2a-2/?)[5_,+3/3] (3.2) 

= [B-a+3f3] (3.3) 

on Ty and on V^^' (0) for any x- This imphes 

= [v]*[B_^+p] 

= [v]*{[B2p]*[B^^^p]) 

= H*e(2/3,-a + /5)[5_„+3/3] 
= [v] * (by (O) 

on ly and on V^'^' (0) for any x- Next, by following the proof of 
case 1, we then have 

[B^]*[Bp] = e{a,P)[B^+f3] onW. 

case 2.2 {a, a) < {(3,(3). 

Then (a + (3, -2(3 + 2a) < 0. So, we have 

[Ba+13] = [Ba+13] * [-820-2/3] 

= eia + (3,-2(3 + 2a)[B^^_p] (3.4) 

= [Bsa-fi] (3.5) 
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± -\- 

on W and on V^'^' (0) for any x- Consequently. 

m * [Bp] 



* [Ba-f3] 

* ([52.])* [5.-/3]) 

* [Ba+f3] (by (IS3])) 



(3.6) 



As in case 1, we have that on W, 

case 2.3: {a, a) = {P,l3). 

Since B^2i3+2a * Ba+fs G V^[3a — P] + Vj]'[—3P + a], we then have 

[5q,+/3] = [-B-2/3+2q] * [Ba+p] 

= [u] * [B^a-p] + [w] * [5_3/3+^] where u,w E M(l)+ 

= [^i] * ([52a] * [5,_^]) + [W] * ([5_2/3] * [5-/3+ J) 
= {[U + V]) * [Ba-p] 

= c[Ba-p] for some constant c 

on W and on Vj^'^' (0) for any x- On the other hand, [5_2/3] * 

[Ba-fs] on V^"" (0) for any x- 



[5,+^] = e(-2/3,a + /5)[5,_^] 
Hence, c = 1 and 

[-Bq+/3] = [-8.-/3 



(3.7) 



By (13. ip and (13.71) . we have that on W and on V^^''''(0) for any x, 
[5a] * [Bp] = [v] * [Ba+p]- By following the proof of the case 1, we 
then obtain that 



[Ba] * [B, 



/3J 



P)[Ba+p]- 



case 3: (a, (3) = 0. 

Then [5"] * [5^] = e(a, /3)([5°+^] + [E""/^]). To show that [5«] * [5^3] 
e(a, /3)[5a+/3], we only need to modify the proof of the case 2. 



□ 



Theorem 3.12. Let W be an irreducible A{V^)-module such that A^W = 0. 
Then there exists an irreducible L / K -module with central character x such 
that W^T^ = Vf^'^(O). Here, x{L{^^)) = -1- 
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Proof. We will follow the proof of the proposition 6.6 in [ADj. First, we con- 
struct a map from L to GL(W) by sending Cq to Ba and k to —1. This map 
will induce a group homomorphism from L/K to GL{W) since 6{ea) = e-a 
and Ba = B_a- Since the action of A{M{1)^) on W commute with the ac- 
tion of [Ba\ for all a G L, by Proposition 13.51 we can conclude that W is an 

^ T I 

irreducible L/ii'-module. Hence, is isomorphic to = Vj^^' (0) for some 
central character x- D 

Next, we let M be an irreducible A (V^) -module such that A*M ^ 0. Since 
A* is a simple algebra, it implies that M contains a simple A*-module which 
is isomorphic to M(l)(6')~(0). 

Lemma 3.13. M = A^M and M is a direct sum of M{l){9y (0) . 

Proof We will follow the proof in |AD] . We set M° = {m G M\A^m = 0}. 
Since A* is a two-sided ideal of A{M{1)~^), it follows immediately that M° is an 
^(M(l)+)-module. We will show that M° is an v4(V^+)-module. Let m G M° 
and M G v4*. By Proposition 13. 4[ we have 

[u] ■ {[E"]m) = {[u] * [/*]) ■ {[E"]m) = {[u] * [E"]) ■ (/*m) = for all a e L. 

By Proposition 13.51 we can conclude that is an A(V^)-submodule of M. 
Since M is an irreducible A(V2^)-module such that A*M ^ 0, it implies that 
M° = 0. Hence, M = A^M, and M is a direct sum of M(l)(6')-(0). □ 

Next, for any a E L — {0}, we define 

Ba = 2<"'°>-i(i?" - 2 (a, a) ^ ^^ ^^ 

and we set Bq = 1. Here, ii^^^ is defined with respect to an orthonormal 
basis {ha\l < a < of f) such that hi G Ca. Note that for G L, 
[Ba] * [Bjs] = e{a, P)[Ba+/3] on V^'^' (0) for any x- Also, by using Table 1 and 
the fact that [E"^"] = (1 - 2k)2^''+^ + k2^''+^[iUa] where (a, a) = -2k, one can 
show that for a G L, 

[i?2a] = 1 on M. 
We will prove that M is a L/K-module. 

Lemma 3.14. For any 1 < a,b < d, [Ba] and [-E*^] commute on M. Con- 
sequently, [Ba] commutes with the action of [u] where u is any member of 
M(l)+. 

Proof. By using Proposition 12.181 l.(b). and Lemma [3.31 we can directly show 
that [-Bq,] commutes with for 1 < a, 6 < d. Moreover, by Lemma I3.13[ we 
can conclude further that the action of [Ba\ on M commutes with the action 
of [u] on M. Here u is any member of M(l)+. □ 
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Lemma 3.15. For a,f3GL, we have 

[5J * [Bf,] = e{a,P) on M. (3.9) 

Proof. Let a,P E L such that < 0. Using Proposition I3.5[ Lemma [3.131 

Lemma [SHI, and the facts that * [E^^] G V^[a + /?], we then have that 

[Ba] * [Bfs] = [u] * [B^+/3] where u G A*. 

Since [Ba] * [Bp] = e{a, f3)[Ba+/3] on any irreducible y4(V^)-modules V^^' (0) 
and M is a direct sum of M{1){9)^ (0), we can conclude that [u] = e(a, /?)/*. 
Hence, [Ba] * [B^] = e{a, (3) [Ba+fs] on M. The proof of an equation (13. 9p for the 
case a, P E L such that {a, /?) > is similar to the proof of Lemma [3.111 □ 

Theorem 3.16. Let M be an irreducible AlVj]') -module such that A^M ^ 0. 
Then there exists an irreducible L/K-module with central character x such 
that M = P)(-l/2) (g)Tx = Vf^'"(0). Here, xi^if^)) = -1- 

Proof. By following the proof of Theorem 13.121 we can show that M is a L/ K- 
module. Moreover, by Lemma [3.141 we can conclude that M = f)(— |) ® t/ 
where ?7 is a L/K-module. Since M is an irreducible A (Vj^) -module, it follows 
that U is an irreducible L/K-module. □ 

The following is a consequent of Theorems 12.121 13.121 and 13.161 

Proposition 3.17. Let L be a negative definite even lattice. Then the set of 
all inequivalent irreducible admissible Vj^ -module is 

{ V^^' I T^ is irreducible L/K-module with central character x 
such that = —1}. 

4 Classification of irreducible V^-modules when 
L is a nondegenerate even lattice 

We will classify all irreducible admissible V^-modules when L is an even lattice 
of a finite rank equipped with a symmetric nondegenerate Q-valued Z-bilinear 
form that is neither positive definite nor negative definite. In particular, we 
will show that all irreducible admissible V^-modules are V^^'^ where are 
irreducible L/i^-modules with central character x- Here, = —1. 

For this section, we assume that L is a rank d even lattice equipped with 
a symmetric nondegenerate Q-valued Z-bilinear form that is neither positive 
definite nor negative definite. First, we will recall several propositions that 
will be useful later. 
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Proposition 4.1. J^j Let k be an ordered field and let E be a nonzero finite 
dimensional vector space over k with a non- degenerate symmetric form { , ). 
Then E has an orthogonal basis. Moreover, there exists an integer r > 
such that if {vi, is an orthogonal basis of E then precisely r among the 

n elements {vi,Vi), {vn,Vn) are > and n — r among these elements are 
< 0. If we assume that every positive element of k is a square. Then there 
exists an orthogonal basis {fi,...,f„} of E such that {vi,Vi) = 1 fori < r and 
{vi,Vi) = —1 for i > r and r is uniquely determined. 

Proposition 4.2. fX^ Let a G L-{0}. ThenVj^[ a] is spanned by the vectors 
u * and u * h{—n)F" for u G M(l)+, G P), and n>l. 

Next, we will study the spanning set of A{y^). The following proposition 
resembles results in section 3. In fact the proof of this proposition is the same 
as the proof of the results in section 3. 

Proposition 4.3. 

1. For a E L such that {a, a) ^ 0, A{Vj]^){a) is spanned by the vectors 
[u] * [E"] * [v] foru,v G M(l)+. 

2. For any indices a, b = and [Aab] = 0. 

3. For a E L such that {a, a) ^ 0, we set {hi,...,hd} be an orthonormal 
basis of i) such that hi G Ca. Then 

(a) [Ei,] * [E-] = [E-] * [E^,] ifa^landh^l. 

(b) [E{,] * [E-] = * [El] z/M 1. 

(c) [El] * [E»] = -(2(a,«) - 1)[E-] * [E^] zfb^l. 

(d) [El] * [E-] = [E-] * [El] for ae{l,...,d}. 

4. Let F be the unit of the simple algebra A*. Then for any a E L such that 
(a, a) 7^0, [F]*[E-] = [E-]*[F]. 

5. For a E L — {0}, we set {hi, h^} be an orthonormal basis of P) so that 
hi G Ca. Then [H^] = [Hi] - |[E*J + for a G {2, d}. 

Theorem 4.4. 

1. For any a E L such that {a, a) 7^ 0, we have 

A{V+){a) = spanc{M * G M(l)+} 

= spanc{[E'']*[u]\ue M {!)+}. 

2. Let a E L such that {a, a) = 0. Then there exists (3 E L such that 
{(5,13) < 0, {a, 13) < 0, and A{y+){a) C A{y+){a + 2(3) . 
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3. A(y^) is spanned by A{Vj^){a) for all a E L such that {a, a) ^ 0. 

Proof. For 1., the proof is similar to the proof of Proposition I3.5[ 

For 2., we let a G L — {0} such that {a, a) = 0. By Proposition 14.11 we can 
conclude that there exist 7, A G Lq such that a = 7 + A, (7, 7) > 0, (A, A) < 
and (7, A) = 0. Since A G Lq, we know that there exists a positive integer m 
such that mX G L and (mA, mA) is an even negative integer. For convenience, 
we set P = mA. Clearly, {a + 2/?, a + 2(3) is an even negative integer. Since 

m = * [E'']) * [E% [h{-n)F-] = {g{[u,]) * [E'^]) * [h{-n)F% 

and 

[E"^^] * [E% [E^f^] * [/i(-n)F"] G V+[a + 2/?] for all /i G t), n > 1, 

by Proposition 112] we can conclude that v4(V^)(a) C A{V^){a + 2(3). 

3. is clear. □ 

Remark 4.5. Let a E L such that {a, a) = and let p E L such that (p, p) < 
and {p,a) < 0. Then A{Vj^){a) C + 2p). 

Next, we will classify all irreducible admissible V^-modules. We let W be 
an irreducible A (V^^) -module such that A'^W = 0. 

Lemma 4.6. Then W is a direct sum of M{1) {6)^(0) and every element in 
A{M{1)^) acts as a constant on W . Consequently, [E""] commutes with the 
action of [u] where u is any member of M{1)~^ . 

Proof. The proof is very similar to Lemma 13.81 and Lemma 13.91 □ 

Next, we will show that W is isomorphic to V^^' (0) for some central 
character x such that xi'-i^)) = ~1- Following section 3, we set 

= 2<"'")-iE" for a G L - {0} 

and Bq = 1. Note that if a G L such that {a, a) < 0, then [B2a] = 1 on 
and on V^^{0) for all central character x such that ^(^(k)) = —1. 

Lemma 4.7. Let a E L such that {a, a) = 0. Then there exists (3 E L such 
that {(3,(3) < 0, {a, (3) < and [Ba\ = [-80+2/3] on W, and on V^^'^{0) for any 
X- Consequently, for any [v] E A{Vj]'){a) , there exists u E M(l)^ such that 
[v] = [u] * [Ba] on W , and on V^^' (0) for any x- 

Proof. By Theorem 14.41 we can conclude that there exist u E M(l)"'", and 
(3 E L such that {(3, (3) < 0, (a, (3) <Q and 

[5,] = [u]*[B^+2p\. 
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Since [u] acts as a constant on M(l)(6')+(0), says p, we have [Ba] = p[Ba+2f3] 
on W and on V^^^' (0) for any x- On the other hand, 

[B^] = [5,] * [B2p] = eia,2P)[B^+2p] = [Ba+2(3] 

on V^'^' (0) for any x- Hence, p = 1 and [Ba] = [-Ba+2/3] on W. □ 

Corollary 4.8. Let a L such that (a, a) = and let p & L such that 
{p, p) < 0, {a,p) < 0. Then [Ba] = [Ba+2p] on W and on V^^' (0) for any x- 

Theorem 4.9. Let W be an irreducible A{Vj]') -modules such that A^W = 0. 
Then there exists an irreducible L / K -module T^ with central character x such 
that W^T^ = Vf'^'^(O). 

Proof. First, we will show that for a, P & L, [Ba] * [B^] = e(a, P)[Ba+i3] on W. 
Let a,p e L- {0}. 

case 1: {a, f3) < 0. 

Then [Ba] * [B^] G A{V^){a + (3). In fact, [Ba] * [Bp] = [u] * [Ba^ for 
some u G M(l)+. By following the proof of Lemma [3. Ill case 1, we can 
show that [Ba] * [B^] = e{a, P)[Ba+p] on W. 

case 2: (a, P) > 0. Note that for this case [Ba] * [Bp] = [u] * [B^a+is] for some 
u G M(l)+. 

case 2.1 {a, a) > 0, and {(3,(3) G 2Z. 
We have 

[Ba]*[Bp] = e~\-a,a + (3)[Ba]*i[B-a]*[Ba+f3]) 
= e'^{-a,a + P)e{a,-a)[Ba+(3] 
= e{a, (3)[Ba+(3], 

and 

[Bp]*[Ba] = e-\(3 + a,-a)[Ba+/3]*[B^a]*[Ba] 
= e~^{(3 + a,-a)e{-a,a)[Ba+f3] 

= e(/?,«)[5a+/3] 

on W. 

case 2.2: {a, a) < 0, and {(3,(3) < 0. 

By following the proof of Lemma 13.111 cases 2.1-2.3, we can show 
that [Ba] * [Bp] = e{a, (3)[Ba+p] on W. 
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case 2.3: {a, a) < and {13,(3) = 0. 
We have 

= [u] * [B2a] * [B-a+p] 

= [u] * e(2a, -a + (by case 2.2) 

= [u] * [B^+is]. 

Similarly, we have [i?/?] * [Ba] = [u] * [Ba+is]- As in Lemma 13.111 
case 1, we have that [Ba] * [Bp] = e{a, (3)[Ba+f3] and [Bp] * [B^] = 
eiP,a)[Ba+p] on W. 

case 2.4 {a, a) = and = 0. 

We have 

[Ba]*[B(s] = [u]*[B^a+(3] 

= [u] * {[B^a+p] * [52a-4/3]) 
= [u] * [Ba-3(3] 
= [u] * [5q„3/3] * [B_2a+2p] 
= [u] * [Ba+is]- 

By following the proof of Lemma 13.111 case 1, we can show that 
[Ba]*[Bf,] = eia,P)[Ba+p] on W. 

case 3: (a, P) = 0. 

If one of the followings holds: (a, a) > 0, and {P, (3) G 2Z, or (a, a) < 0, 
and {(3,(3) < or {a, a) < and {(3,(3) = 0, then as in case 2, we have 
that [Ba] * [Bp] = eia,P)[Ba+p] and [Bp] * [B^] = e{p,a)[Bp+a] on W. 

Next, we consider the case when {a, a) = and {(3,(3) = 0. Since there 
exists 7i G L such that (71,71) < and {—2a + 2/5, 71) < 0, it implies 
that 

[Ba+13] = [Ba+p] * [-8-20+2/3+271] 
= [-B-a+3/3+271] 

= e-\-a + 3(3, 27i)[5_,+3/3] * [^271] 

= [B^a+Sfs] ■ 

Similarly, since there exists 72 G L such that (72,72) < and {2a — 
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4/?, 72) < 0, it follows that 



* [B-a+p] 

* {[B-a+p] * [52a-4/3+272]) 

* [-80-3/3+272] 

*e-i(a-3A272)[5o_3/3]*[52^2] 

* [Ba-3f}] 

* [Ba+fs] 



on W and on V^'^' 



(0) for any x- By following the proof of Lemma [3.111 
case 1, we can show that [Ba] * [B/^] = e{a, P)[Ba+/3] on W. 

Hence, for any a,P E L, we have [Ba] * [Bp] = e{a, P)[Ba+f3] on W. 

Next, to show that W is isomorphic to some irreducible L/iiT-module, we 
just need to follow the proof of Theorem 13.121 □ 

Next, we let M be an irreducible A(V^)-module such that A^M 7^ 0. 

Lemma 4.10. M = A^M and M is a direct sum of M{l){ey{0). 

Proof. We first note that M contains a simple y4*-modules which is isomorphic 
to M{1){6)~{0) since A* is a simple algebra and A^M 7^ 0. By following the 
proof in Lemma [3.131 and using the fact that A{Vy) is spanned by A(V^)(a) 
for all a G L such that {a, a) 7^ 0, we can show that = {m G M|A*m = 0} 
is an y4(V"^) -module. Moreover, we have that M = A^M and M is a direct 
sum of M(l)(^)-(0). □ 



1 

We will show that M is isomorphic to V^^'~(0) for some central character 



For a G L such that (a, a) 7^ 0, we define 



B^ = 2(".")-i(£;^ 



2{a, a) 
2{a, a) — 1 



El^ * E") 



where E\'^ is defined with respect to an orthonormal basis {ha\l. < a < d} oi 
f) such that hi G Ca, and we set 

5o = l. 

Next, we let a G L — {0} such that (a, a) = 0. Then there exist 7,/? G 
such that a = 7 + /3, (7, /5) = 0, (7, 7) > , [3) < 0. We define an action of 
Ba on M in the following way: for 1 < c < (i. 



[So]/le(-l/2) 



+ 



1/2) + 



2,c 



- [^22] * [E-]K{-l/2). 
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Here El^ and are defined with respect to an orthonormal basis {ha\l < 
a < d} so that hi e C7, and /12 G respectively. 

Note that for a G L such that {a, a) < 0, we have [B2a] = 1 on M. 

Lemma 4.11. Let a ^ L such that {a, a) 7^ 0. Then for any 1 < a,b < d, 

[Ba] and commute on M. Consequently, [Ba] commutes with the action 
of [u] where u is any member of M{1)'^. 

Proof. The proof is similar to the proof of Lemma I3.14[ □ 

Lemma 4.12. Let a & L such that {a, a) = 0. Then there exists /3 G L such 
that {(3,(3) < 0, {a, (3) < and [B^] = [Ba+213] on M, and vf'''"(0) for any x- 
Consequently, 

1. for any [v\ G A{y^){a), there exists u G M(l)+ such that [v\ = [u] * [Ba] 
on M, and V^'^' (0) for any x- 

2. [Ba\ commutes with the action of [w] where w is any member o/M(l)+. 
In particular, for any 1 < a,b < d, [Ba] and [E^f(] commute on M. 

Proof. The proof is similar to Lemma 14.71 □ 

Lemma 4.13. For a,(3 E L, we have [Ba] * = e{a, (3)[Ba+/3] on M. 

Proof. By following the first part of the proof of Lemma 13.151 we can show 
that when {a, (3) < 0, [Ba] * [-B/?] = e{a, P)[Ba+/3] on M. Next, by modifying 
the proof of Theorem 14. 9[ we will obtain that [Ba] * [-B/3] = e{a, (3)[Ba+/3] on 
M when > 0. □ 

Theorem 4.14. Let M be an irreducible A{V^)-modules such that A^M 7^ 0. 
Then there exists an irreducible L / K -module T^ with central character x such 
that M ^ f)(-l/2) ®T^ = Vf'^''(0). 

Proof. The proof is the same as the proof of Theorem 13. 161 □ 
The following proposition is a consequence of Theorem 14.91 and Theorem 

Proposition 4.15. Let L be an even lattice of a finite rank equipped with a 
symmetric nondegenerate Q-valued X-bilinear form that is neither positive or 
negative definite. Then any irreducible admissible -module is isomorphic to 
y^x' irreducible L/K-module T^ with central character x such that 

xW/^)) = -1. 
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